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We consider the easy-plane anisotropic spin-% Heisenberg chain in combined uniform longitudinal and
transverse staggered magnetic fields. The low-energy limit of his model is described by the sine-Gordon
quantum field theory. Using methods of integrable quantum field theory we determine the various components
of the dynamical structure factor. To do so, we derive explicit expressions for all matrix elements of the
low-energy projections of the spin operators involving at most two particles. We discuss applications of our
results to experiments on one-dimensional quantum magnets.
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I. INTRODUCTION

The field-induced gap problem in anisotropic quasi-one-
dimensional spin-% Heisenberg antiferromagnets has at-
tracted much experimental'~!> and theoretical®!¢-28 attention
in recent years. Two scenarios have been studied in particu-
lar. For isotropic exchange interaction a gap can be induced
by the application of a uniform magnetic field in presence of
a staggered g-tensor and/or a Dzyaloshinskii-Moriya
interaction.'® This is the case for materials such as copper
benzoate,!®  CuCl,,  (dimethylsulfoxide)  (CDC),’
copper-pyrimidine,®~'> and Yb,As;.!3!% Theoretical studies
have analyzed the excitation spectrum,'®~!8 the dynamical
structure factor,'”!? the specific heat,”® the magnetic
susceptibility,?!  and  the electron-spin  resonance
lineshape.?? In the materials mentioned above application of
a uniform magnetic field H induces a staggered field perpen-
dicular to H. It is the induced staggered field that leads to a
spectral gap. The staggered field is generated both by a stag-
gered g-tensor?®3? and a Dzyaloshinskii-Moriya (DM) inter-
action. The simplest Hamiltonian describing such field-
induced gap systems is given by'®

H=J28; S; —HX S +h2 (- 1Y), (1)
J J J

where h=7yH. The constant 7 is given in terms of the stag-
gered g tensor?>** and the DM interaction. In critical systems
with exchange anisotropy such as the spin-1/2 Heisenberg
XXZ chain a second mechanism for inducing a gap by ap-
plication of a uniform magnetic field exists. While applica-
tion of a field perpendicular to the easy plane leaves the
system critical, applying a field in the easy plane leads to the
formation of a spectral gap.?3-26:31.32

The purpose of the present work is to extend the theoret-
ical analysis of the staggered field mechanism for generating
a spectral gap to the case of the anisotropic Heisenberg
chain,

H= J; (SIS, + SUS),, + 65385, ] - H; S5+ hg (- 1)},

(2)

In what follows we will consider the region —1 < =1 which
corresponds to an “XY”-like exchange anisotropy. It is im-
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portant for our analysis that the staggered field is transverse
to the anisotropy whereas the magnetic field is along the
anisotropy axis. Only in this case does the low-energy limit
map onto an integrable model, the sine-Gordon quantum
field theory.

The outline of this paper is as follows: in Sec. II we
construct the continuum limit of model (2). In Sec. III we
derive a spectral representation of the dynamical structure
factor at low energies. In Sec. IV we present the calculations
for retarded two-point correlation functions. In Sec. V we
present our results for the components of the dynamical
structure factors. Section VI summarizes our results. The
technical aspects of our analysis are summarized in several
appendixes: in Appendix A we discuss how the parameters
of the low-energy field theory can be determined from the
Bethe ansatz solution of the Heisenberg chain in a magnetic
field. Appendixes B and C present results for the form factors
of the operators entering the calculation of the dynamical
structure factor.

II. CONTINUUM LIMIT

In the limit |h| < H,J the staggered field can be taken into
account as a perturbation to the low-energy limit of the XXZ
chain in a magnetic field. It is well known that the low-
energy limit of the spin-% Heisenberg XXZ chain with XY-
like anisotropy || <1 is given by a free bosonic theory33-3¢

v

o= 167

f ax{(9,®)* + (9,0)?], 3)

where the field ®(x) and its dual field ®(x) are compactified

() E(x)+%7, d=d+8mB. (4)

The commutation relation between ® and ® reads
[O(x),P(x")]=8midy(x —x'), (5)

where 9y(x) is the Heaviside step function, equal to O for
x<0, 1 for x>0, and 1/2 for x=0. The parameters v, (3, and
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kr (see below) in the low-energy theory can be calculated
directly from the Bethe ansatz solution on the XXZ chain.?’
How this is done is briefly reviewed in Appendix A. The
result as well as the other parameters used are listed in Table
I for the anisotropic parameter 6=0.3. In the continuum limit
the lattice spin operators have the following expansions:

3
5= 2 S (x) + -, (6)

a=1

where x=ja, and q, is the lattice spacing. The wave numbers
QO are

. T T
01=-03=0="-2k;, Q)=—, (7
do do
;=0 (8)
01=0, Q5=-03=2k, )
where the Fermi momentum is given by
T .
k=3 (1=2(S)). (10)
0

Here (Sj) is the magnetization per site. The continuum fields
S5 are given in terms of the canonical boson ® and its dual
field © as

§i(0) = S AUD[O}(0) + 0L, (an
10) = c(H)eos B0 ()], (12)
S =[S; T’ (13)
§1() = 2 A0 - 0Ly, (14)
Six) = c(Hsin O], (15)
S =[Si]', (16)
Six) = S“TO[gaX@(x), (17)
0 =[S0 = JaHOl,  (19)
where
Oi:exp{%+ia®}. (19)

We are using normalizations such that
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2a%+1/88%
UT—1IX

T+ ix [V :
<OLI;(T’X)O:¢1¢(O,O)> = |: o . :| |: 027_;1(_)'_ 2
(20)

The coefficients a(H), c¢(H), and A(H) have been determined
numerically in Ref. 38. The staggered magnetic field pertur-
bation can be bosonized using Egs. (11)—(18), which leads to
a sine-Gordon model,

H= f dx{ér{[ﬁxq)(x)]%[ﬂx@(X)]z}

+ M(h,H)COS[,B@(X)]}, (21)

where w(h,H)=hc(H). We note that as we have chosen to
bosonize in a finite magnetic field, the cutoff of the theory is
H rather than J. However, it is straightforward to recover the
zero field limit (where one bosonizes at H=0 and the cutoff
is J) in the expressions for the structure factor we give be-
low.

A. Elementary excitations

The sine-Gordon model is integrable and its spectrum and
scattering matrices are known exactly.?*-** In the relevant
range of the parameter 8 (0 <8< 1) the spectrum of elemen-
tary excitations consists of a soliton-antisoliton doublet and
several soliton-antisoliton bound states called “breathers.”
There are altogether [1/£] breathers, where [x] denotes the
integer part of x and &= Ti%z In order to distinguish the vari-
ous single-particle states we introduce labels s and § for soli-
tons and antisolitons, respectively, and by,...,br;,g for
breathers. Energy and momentum carried by the elementary

excitations are expressed in terms of the rapidity 6 as
vP.=A_sinh(#), E.=A_cosh(6), (22)

where A;=Ag=A, A, =A;=2A sin(%). The soliton gap as
a function of parameters H and h is?%%

<§> 1 (1+9)/2
Iri= F(—)
2 Jagc(H)m \1+¢

h
Jao\;'l'*(lé) 2v F(i) J
2 1+¢

When 6= 1 and the magnetization is small the leading irrel-
evant perturbation to the Gaussian model needs to be taken
into account, leading to?!

032 -(1+9)12
A (ll)mg)/z[B(i)uz 28 - 832)1/4} * o)
J \J H ’
where B=0.422 169.

(23)

B. Scattering states

It is useful to introduce creation and annihilation opera-
tors AZ(G) and A(60) for the elementary excitations. Here €
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TABLE I. Amplitudes A, a, and ¢, the dimensionless spin velocity v/Jay, the coupling B, and the field H
as functions of the magnetization m for the anisotropic parameter 6=0.3. The amplitudes are determined in

Ref. 38.

m A a c v/Jag B H/J
0.02 0.3044 0.3953 0.5275 1.1804 0.386192 0.09093
0.04 0.3065 0.3913 0.5268 1.17114 0.385821 0.18186
0.06 0.3096 0.3867 0.5256 1.15828 0.385332 0.2598
0.08 0.3130 0.3817 0.5240 1.13738 0.384573 0.35073
0.10 0.3173 0.3769 0.5219 1.11423 0.383768 0.42867
0.12 0.3226 0.3713 0.5194 1.08072 0.38265 0.5196
0.14 0.3284 0.3661 0.5164 1.04600 0.381535 0.59754
0.16 0.3354 0.3610 0.5129 1.01244 0.380489 0.66249
0.18 0.3433 0.3559 0.5088 0.966005 0.379084 0.74043
0.20 0.3527 0.3508 0.5041 0.921509 0.377775 0.80538
0.22 0.3642 0.3460 0.4988 0.870927 0.376322 0.87033
0.24 0.3773 0.3415 0.4929 0.813165 0.374702 0.93528
0.26 0.3923 0.3371 0.4861 0.760734 0.37326 0.98724
0.28 0.4102 0.3329 0.4785 0.701482 0.371658 1.0392
0.30 0.4321 0.3286 0.4699 0.651491 0.370326 1.07817
0.32 0.4596 0.3253 0.4602 0.575147 0.368318 1.13013
0.34 0.493 0.3222 0.4492 0.507976 0.366572 1.16910
0.36 0.5342 0.3193 0.4367 0.456492 0.365244 1.19508
0.38 0.588 0.3166 0.4222 0.389204 0.363518 1.22431
0.40 0.664 0.3141 0.4053 0.326360 0.361913 1.24704
0.42 0.769 0.3131 0.3851 0.259866 0.360218 1.26652
0.44 0.934 0.3125 0.3602 0.186561 0.358349 1.28276
0.46 1.214 0.3127 0.3279 0.122936 0.356722 1.29251
0.48 1.89 0.3142 0.2796 0.0448071 0.354713 1.299

=s,5,by,... ,b[l,g]. The creation or annihilation operators ful- * do. ... db
fill the so-called Faddeev-Zamolodchikov (FZ) algebra, =22 W He,. 0,1 {{e, 0, (28)

A0)A(0,) =S4 (6, = 0,)A, (0)A,(6)),
AL0)AL(0,) = 42 (6, - 0,)A],(0,)A (6)),

AL(0)AL(6)) = S) 56, — 0)A, (8)A],(6)

+ 27T5ab5(01 - 02) (25)

Here S(6) is the scattering matrix of the sine-Gordon
model.#'~*3 Multiparticle scattering states of (anti)solitons
and breathers are given in terms of the FZ creation operators
as

Hen 6, = AL (6,) -+~ AL (61)[0). (26)
Energy and momentum of these states are,
Egy = El E., Py= E} P (27)
= =

The resolution of the identity in the normalization implied by
Eq. (25) reads,

n=0 {ej}

C. Discrete symmetries

The Hamiltonian is invariant with respect to charge con-
jugation,
COC'=-0, CPC'=-0. (29)

The action of the charge conjugation operator C on physical
states follows from

Cloy=10),
CAl(9)C' =AL(0),

TABLE II. Topological charge Q and eigenvalue (where appli-
cable) under charge conjugation C of the continuum spin operators.

SEos s s s s s s S

(0] -1 0 1 -1 0 1 0 -1 1
C + - -
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CBj(6)C™' = (- 1)*B](6). (30)

We see that even breathers are invariant under charge conju-
gation, while odd breathers change sign. The topological
charge,

Q=ﬁf dxd,0(x),
27 ) o

is a conserved quantity. We will use the conventions in which
soliton or antisoliton and breathers have topological charge
*1 and zero, respectively.

III. DYNAMICAL STRUCTURE FACTOR

The central object of our study is the inelastic neutron
scattering intensity, which is proportional to*®

kk™

EAREDD (5&&’ )sw (w,k). (31)

’
a,a

Here a,a’=x,y,z, k denotes the component of k along the
chain direction, and the dynamical structure factor on a chain
with L sites is defined as

S (@, k) = 2

Zl'

pioik(=1") 0|S5 (S |0>. (32)
o 277

Substituting the low-energy expressions [Eq. (6)] into Eq.
(32) we obtain

59 (w,k) = 2 s

a,b= lL”’ -0

la)l—l(k 0 )l+l(k+Qb )l’
211'

X (0|S%(1,)S¢ (0,y)[0), (33)

where x=lag, y=1'ay, and S;(x) are the leading terms in the
low-energy limits [Eq. (6)] of the lattice spin operators. Us-
ing that the expectation value is a slowly varying function of
x—y we see that only terms with

szaz_Qb (34)

contribute to Eq. (33).#7 The dynamical structure factor can
be expressed by means of a Lehmann representation in terms
of scattering states of solitons, antisolitons and breathers.
Inserting a complete set of states [Eq. (28)] between the op-
erators in Eq. (33) and using

<O|Sg(tax) |{€n’ 0/1}) = e_iE{n}t+iP{n}X<O|Sg(Oa 0)|{€na 0}’[}>7

we arrive at

5 (0,05 + q)

EEZ

de, -
—n<05&{ ,0,1)
a()n 1 {e,} b=1 ;. Q"f r@2m Salte

X ({€, 0,115 [0)8(g — Pyyy) Sl — Eyy). (35)

Here ¢ is assumed to be sufficiently small (q~%<kF,a—7;).
Due to energy-momentum conservation only a finite number
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of intermediate states contributes to the correlator [Eq. (35)].
Moreover, at low energies contributions of intermediate
states with large numbers of particles to the correlator [Eq.
(35)] are generally small.*3*° We therefore restrict our fol-
lowing analysis to one and two particle contributions. Many
matrix elements in Eq. (35) are in fact zero as can be estab-
lished by using charge conjugation symmetry and topologi-
cal charge conservation. The relevant properties of the con-
tinuum spin operators Sy are summarized in Table II. Using
these properties we furthermore conclude that at low ener-
gies the nonvanishing components of the dynamical structure
factor are,

(1) %, 8 in the vicinity of the points k= * Q;

(2) $**, $*Y near the point k=a—:,

(3) % in the vicinity of the point k=0;

(4) S% near k= = 2kp.

In the following we determine these in the “two-particle
approximation,” i.e., keeping only terms with n=2 in the
spectral representation [Eq. (35)]. In order to do so we make
use of the exact form of the matrix elements entering the
Lehmann representation, which follow from the form-factor
bootstrap approach.’®3! We note that as a consequence of
charge conjugation symmetry the components of the struc-
ture factor in the vicinities of k=0, and k=-Q,, are the same.

IV. CALCULATION OF CORRELATION FUNCTIONS:
KINEMATICS

The formalism we employ to calculate the dynamical
structure factor can be used quite generally to determine (real
and imaginary parts of) two-point correlation functions. The
retarded two-point function of two bosonic operators A and
B has a spectral representations of the form,

deo, -
(o, q>——22 "1 (0A[{€,.60,})
ap p= 1 {e,} ‘(2 )
il)
% ({e O BI0Y L~ OlBl{e, 0,0
w— {n}+l
><<{6n,0}|A|0>M . (36)
+E{n}+l77

Here 7 is a positive infinitesimal, )
scattering states of solitons, antisolitons and breathers [Eq.
(26)] with energies and momenta are given by Egs. (27) and
(22), respectively. The leading contribution to the spectral
sum in Eq. (36) is due to intermediate states with one and
two particles. Using momentum conservation it is possible to
simplify the expressions for these contributions as we dis-
cuss next.

ns

A. One-particle kinematics

Resolving the momentum conservation delta function
leads to the following result for the one-particle contribu-
tions to GAB:
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S8(vg — A, sinh 6)
w—A,cosh 0+in

6ftwar="3 [ ao Ol 500
0 a

- <O|B| 0>aa< 0|A|0>

w +

Svg + A, sinh 6) }
A, cosh 0+in

v [MM@M%W@
a aOSa(Q) W= Sa(q) + 17]

_wmwa%wm}
w+e,lq)+in

(37)

where a runs over all single-particle labels (i.e., soliton, an-
tisoliton, and breathers) and

v d01d02
GAB q)=— hatd ba )
2p ((1) 6]) 2(277)2

ap ay.ay

<O|A|02’ 01>a2a|a1a2<0]7 02|B|O>
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e.(q) = VA, + v, (38)
o= arcsinh( Z—q) . (39)

B. Two-particle kinematics

As two-particle form factors of scalar operators depend
only on the rapidity difference, it is useful to change vari-
ables to 6. =(6, = 0,)/2. Resolving the momentum conser-
vation delta function then gives

$(vq - 212'=1 Aaj sinh 0]-)

2 .
w- 2]‘:1 Auj cosh 0;+in

§(vq + Ejz.:l Aaj sinh ﬁj)

- <O|B| 02’ 0] >uzala1a2<01’ 02|A|0>

2
o+ Ej:l Aaj cosh 0;+in

(OA]65" = 6_, 06" + _Dpaur 65 + 6, 65" = 6_|BJO)

v deo_
o [u]
ag ap 21T

£4(q,0-)(w—€,,(q,0_) +i7)

@WW—L%MQMMﬂ4&%“&W®]

: (40)
eap(q,0-) (@ + &4(q,0) +im)
where
gan(q,0) = [V2q* + A2+ A} + 2A,A, cosh(26)]"2,
+ ,0_
%b = 1n|: Uq Sab(q ) :| )
A, exp(6.) + A, exp(— 6.)
The imaginary part of Géf (w,q) can be simplified using
5<0_ _ aab(s)> 4 §<0_ + 0ab(s))
1 1 2 2
o il J2 2 [2 2 (41)
™ Sab(q’ 0—)[('0 - 8ab(q’ 0—) + l77] \“’S - (Aa + Ab) \/S - (Aa - Ab)
where
§?= w? - v*q, (42)
0 ( ) — h Z_A—HZ_AIE (43)
() = arccos AN,
Carrying out the 6_ integral using the delta functions we obtain
1 0|A|0) (@,9), 0., (0,9 paup{ s (0,q), 6 (,9)|B|0
——Imcéf(w>0,q)= v E E ( | | e @0:0), 0 (0,9 Dpaa{ oy (@,q), O, ( 4)| | >ﬂH(S_Aa_Ab)’ (44)
T

277-aO ab o=*

\/SZ - (Aa + Ab)z\/s2 - (Aa - Ab)2
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where 9y(x) is the Heaviside function and

1
2A,5°

0,;(@,q) = arcsinh {0g(s> + A2— A2)

= o\[s* = (8, =8, ]s* = (A, + 4, ]} |

0,(.9) = 0,2(0.q) = 70,4(s). (45)
The two terms in Eq. (44) arise from the two delta functions
in Eq. (41). Using the results summarized in this section we
can determine the one and two particle contributions to both
real and imaginary parts of two-point functions. The two
particle contributions to the real part involve one (principal
part) integration, which is readily performed numerically. In
order to determine the dynamical structure factor we only
require the imaginary part of several two-point functions.

V. RESULTS FOR THE DYNAMICAL STRUCTURE
FACTOR

Below we present results for the dynamical structure fac-
tor S*¥(w,0%+¢) [Eq. (35)] in the regime —1 < §=1 and for
magnetic fields H<H.=J(1+ ). We note that if H=~H, or
6=~-1 the cutoff in the field theory is very small, which
limits the utility of our approach. For the sake of clarity we
use a particular set of parameters in all plots

I

'y=H:O.011 91, 6=0.3, H=0.2598J. (46)

These correspond to a magnetization per site of ($%)=0.06
(see Table I) and €=0.174 371. The spectrum consists of
soliton and antisoliton with gap A=0.048 97J and five
breathers with gaps

A, =0.540 98A, A,=1.041 62A, A;=1.46461A,

2042252 v A2 W9 |
S (w>0,- Q+q) ~ —— (52— A2) + —— > (NP )?
ay A 4may 1o

+ K;zi[o' Hsbk(s )]e~ (a2,

Here s is the Mandelstam variable [Eq. (42)], the overall
normalization is

A= AH)Z,(8)]",

where Z,() is given by Eq. (B2), the minimal form factors
F;‘,’,l;( 0) by Eq. (B6), the pole functions Ksi;,k(t?) by Eq. (B22)

(49)
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FIG. 1. (Color online) One and two-particle contributions to
S*(w,—-Q+A/v) as a function of w for §=0.3 and H=0.2598/. The
delta-function peak (pink) has been broadened to make it visible.

Ay=1.778 41A, A5=1.959 62A. (47)

In order to broaden delta functions appearing in one-particle
contributions, we introduce a small imaginary part in w,
equal to 7=0.01A.

A. S (w,k)

In the continuum limit $*(w,k) is nonvanishing in the
vicinity of the points k= * Q and a—z We will consider both
cases in turn. As we have noted before, the response at k
= =* Q is identical as a result of charge conjugation symme-
try, so that it is sufficient to consider k= -Q.

1. Momenta kz—Q=—i—’:(S;)

In the continuum limit $*(w,—-Q+¢q) with ¢g<<Q is given
by the two-point function of S§ with S} [Eq. (11)]. This is
because vQ is a large energy scale proportional to the cutoff
in the theory. Using Table II we find that the following in-
termediate states with at most two particles contribute:

(1) Single-soliton states.

(2) Two particle states containing one soliton and one
breather.

The corresponding matrix elements are calculated in Ap-
pendix B. Using the results of Sec. IV to carry out the rapid-
ity integrals we arrive at the following expression for
S™(w,—Q+q) within the two-particle approximation:

Fiyrl 05, ()P O(s = A= Ap)

sby,

X > {K@k[o'esbk(s)]easbk(wm

PP - A=A - A+ A7 =

(48)

for k even and Eq. (B23) for k odd, the normalization factor
Nfbk by Eq. (B20) and the functions Gsbk(s) and Ofbk(w,q) are
presented in Egs. (43) and (45), respectively.

We note that $*(w,—Q+¢) vanishes when ¢ —0. In Fig.
1 we therefore plot $*(w,-Q+A/v) as a function of w. In
order to broaden delta-function contributions we introduce a
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small imaginary part in . Two features are clearly visible:
there is a coherent peak corresponding to the contribution of
single-soliton excitations at energy at A2, At higher ener-
gies breather-soliton continua appear. Their contributions
grow with increasing w because Sj is an irrelevant operator.
It is instructive to compare our result to the gapless spin-1/2
Heisenberg XXZ chain (see e.g., Ref. 52). There one has

o’ +v°q”
(w2 _ v2q2)1—v’

where v=2(8+ $)2> 1. For large w this increases as w
while is goes to zero in a power-law fashion for w—vgq. In
presence of a staggered field, the dynamical structure factor
[Eq. (48)] has divergence for w— V(A+A)>+v%¢*> (k
=1,2,...,[1/€]), while the large frequency behavior is the
same as without the staggered field.

S%(w>0,— Q +q) * (50)

2v
9
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2. Vicinity of antiferromagnetic wave number: k=l a,

In the continuum limit $*(w, a—:+q) with gay << is given
by the two-point function of the charge neutral operator S
[Eq. (13)]. Using Table II and Eq. (30) we find that the fol-
lowing intermediate states with at most two particles contrib-
ute to the two-point function of S):

(1) Single breather states even under charge conjugation,
i.e., BS,(6)[0).

(2) Two particle states containing one soliton and one
antisoliton.

(3) Two particle states containing two even or two odd
breathers.

Using the results of Sec. IV, we obtain the following ex-
pression in the two-particle approximation:

T ve?(H) (128 |F§§S(ﬂ®)[3ﬁ(~?)]|219ﬂ(s -24)
S"x(w>0,—+ )z 21 FP 128(s* - A2) + —
ap 1 ay /Z | b2k| ( Zk) s\s?—4A2
[1/¢]
Upls — Ap—Ayr)
+ SNFE, 16, ,,()] . (51)
kkz R N v v

Here the single-breather form factors Ff are given by Eq.
(C14), the soliton-antisoliton form factor Fﬁgs(m)( 0) by Eq.
(C10) and the breather-breather form factors F' fkbk,(ﬁ) by Eq.
(C24), respectively. The function 6, (s) is given by Eq. (43)
and

seven {l if k is .even (52)
0 overwise.

In Fig. 2 we plot the dynamical structure factor [Eq. (51)]
as a function of frequency. We note that because S is a
scalar operator S’“(w,a—Z+q) depends only on the Mandel-
stam variable s [Eq. (42)] rather than on w and ¢ separately.
The first peak in S”(w,a—z) is due to the b, single-breather
excitation (blue line). At w=A, there is a second single-
breather contribution, due to b,. Above w=2A, a strong b,b,
two-breather continuum occurs (pink line). Around w=2A
contributions from soliton antisoliton and b,b5 and b,b, two-
breather continua are visible. We note that the thresholds of
b,bs, s5 and b,b, continua all occur around 2A is a peculiar-

ity of the parameters we have chosen in the plots.

B. S (w,k)

Next we turn to the yy component of the dynamical struc-
ture factor. In the continuum limit $*”(w,k) is nonvanishing

in the vicinity of the points k= = Q and a—’z We will consider
both cases in turn.

1. Momenta k=-Q =—i—’:(SJZ-)

In the continuum limit $*”(w,—Q+¢q) with ¢<<Q is given
by the two-point function of & with S} [Eq. (14)]. Using
Table II we find that the following intermediate states with at
most two particles contribute to the two-point function:

aoAZSII /’U

3 0.2
0.15

2.5
0.1

2
0.05

1.5

1

05 J ------ .

1 2 3 4 5

oA

FIG. 2. (Color online) One and two-particle contributions to
S“(w,a—:) as a function of w for §=0.3 and H=0.2598J. Delta-
function peaks (blue) have been broadened to make them visible.
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2gyy / agA2SY v
(ZoA S v 0.005 0 / oos
0.004 17 oo
12 0.003 15 '
0.03
10 0.002 125 0m
8 0.001 10 001
6 1 2 3 4 5 75 ; 5 PR
4 5
> 25
_JL L A / A
w
] > 3 1 s / A 1 2 3 4 5

FIG. 4. (Color online) One and two-particle contributions to
S"Y(w,aﬂo) as a function of w for 6=0.3 and H=0.2598J. Delta-
function peaks (blue) have been broadened to make them visible.
Inset: the soliton-antisoliton and breather-breather two-particle
contributions.

FIG. 3. (Color online) One and two-particle contributions to
S (w,—Q+A/v) as a function of w for §=0.3 and H=0.2598J. The
delta-function peak (pink) has been broadened to make it visible.
Inset: the soliton-breather two-particle contributions.

The corresponding matrix elements are calculated in

(1) Single-soliton states. _ Appendix B. Carrying out the rapidity integrals (see Sec. IV)
(2) Two particle states containing one soliton and one we arrive at the following expression for $*(w,—Q+¢q)
breather. within the two-particle approximation:
|
2042 2% + A o | F 05 ()P Ou(s — A= Ay)

F0>0-0+q)~ —25(52_A2)+ E (NS b)’ T — 2

do A A =1 \r[s — (A=A [s* - (A+AYY
X 2 (KL, [00,, ()9~ KE, [- 76 ()]~ (@), (53)

Here the overall normalization A is given by Eq. (49), the minimal form factor me(ﬂ) by Eq. (B6), the pole function
Kﬁ (6) by Eq. (B22) for k even and Eq. (B23) for k odd, the functions 0§,, (s) and 67, (w q) by Egs. (43) and (45), respectively.

We plot $(w,-Q+A/v) as a function of w in Fig. 3. Delta- functlon contrlbutlons have been broadened to make them
visible. We see that there is a coherent peak corresponding to the contribution of single-soliton excitations atenergy at AV2. At
higher energies breather-soliton continua appear. Their contributions grow with increasing w because &% is an irrelevant
operator.

2. Vicinity of antiferromagnetic wave number: k= w/a,

In the continuum limit $*(w, a—71+q) with gay < is given by the two-point function of the charge neutral operator S} [Eq.
(15)]. Using Table II and Eq. (30) we find that the following intermediate states with at most two particles contribute to the
two-point function of S}:

(1) Single breather states odd under charge conjugation, i.e., B}, ,,(6)[0).

(2) Two particle states containing one soliton and one antisoliton.

(3) Two particle states containing one even and one odd breather.

Using the results of Sec. IV, we obtain the following expression in the two-particle approximation:

5 We sin(50) 29 (o
H [Fi5 7 [05() ][ Oy(s = 24)
Syy<w>0,1+q) O [ LI T

ag ma k=1 SVS —4A

[1/¢]

’I?H(S - A - Akr)
+ 2 Ol [0, (917 : (54)
e PR TS = (A= Ap)? Tl = (A + Age)’]
|
Here the single-breather form factors FL'z are given by Eq. A 1 if k is odd
(C14), the soliton-antisoliton form factor F“"(B@) (6) by Eq. %"= 0 overwise. (55)
(C11), the two-breather form factors F bkbk,(ﬁ) by Eq. (C24),
S . -

the function 6,,(s) by Eq. (43) and We plot $*(w, ao) as a function of w in Fig. 4. We see that
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it is dominated by the contribution of the first breather b,
(the corresponding delta function has been broadened). The
contributions from b3 and b5 single-breather states are small
in comparison. Similarly, the two-particle b,b,, s5, and b b,
continua shown in the inset of Fig. 4 are negligible.

C. Longitudinal structure factor S%(w,k)

We now consider the zz component of dynamical structure
factor. In the continual limit $%(w,k) is nonvanishing in the
vicinity of the points k=0 and *2kr. We will consider both
cases in turn.

PHYSICAL REVIEW B 79, 024402 (2009)

1. Vicinity of ferromagnetic wave number: k=0

In the continuum limit S%(w,q) with ga, << is given by
the two-point function of the charge neutral operator S§ [Eq.
(17)]. Using Table II and Eq. (30) we find that the following
intermediate states with at most two particles contribute to
the two-point function of S5:

(1) Single breather states odd under charge conjugation,
ie., B} ., (0)0).

(2) Two particle states containing one soliton and one
antisoliton.

(3) Two particle states containing one even and one odd
breather.

Using the results of Sec. IV, we obtain the following ex-
pression in the two-particle approximation:

~ (1/¢) ~ ) 2
2ab*w’ 5 p2aw? [F L O,s(s) ][ Op(s — 24)
S 0> 0,q) =~ LS g2 A2y Q7O T W T
k=1 k v s\s? —4A?
[
a b2w2 Q 13[.](5 - Ak_ Ak’)
+ T S QU (6,001 — =, (56)
Ukl V™ = (A= Ap)7I0s™ = (Ap + Ap)7]

where the single-breather form factor Fz(;)k is given by Eq.
(C15), the soliton-antisoliton form factor F?g{ﬁ) by Eq.
(C12), the breather-breather form factor F,(:)kbk,(ﬂ) by Eq.

(C26), 0,,(s) is given by Eq. (43), s is the Mandelstam vari-
able [Eq. (42)], 5}2‘1‘1 is given in Eq. (55) and the overall
normalization is

F=— (57)

473
The dynamical structure factor [Eq. (56)] is shown in Fig.
5. Note that since Sj is a scalar operator, S%(w,q) depends
on the Mandelstam variable s [Eq. (42)] rather than on w and
q separately. In order to broaden the delta-function contribu-
tions we introduce a small imaginary part in w. The domi-

0S5 fag
5 0.0025
0.002
4
0.0015
3 0.001
0.0005

nE

1 2 3 4

5 ofA

FIG. 5. (Color online) One and two particle contribution to
S§%(w,0) [Eq. (56)] as a function of w for §=0.3 and H=0.2598J.
Delta-function peaks (blue) have been broadened to make them
visible. Inset: the soliton-antisoliton and breather-breather two-
particle contributions.

nant peak in S%(w,q) is due to a b; breather contribution.
The contributions due to b3 and b5 breather states are much
smaller. The soliton-antisoliton and breather-breather contri-
butions to $%(w,q) are barely visible in the figure.

2. Momenta k=-2kp

In the continuum limit $%(w,—2kz+q) with ga,<m is
given by the two-point function of S5 with S5 [Eq. (18)].
Using Table II and Eq. (30) we find that the following inter-
mediate states with at most two particles contribute to the
two-point function of

(1) Single-soliton state.

(2) Two particle states containing one soliton and one
breather.

Using the results of Sec. IV, we obtain the following ex-
pression in the two-particle approximation:

agA*S* Ju
4 0.002
0.0015
3 0.001
0.0005
2
1 2 3 4 5
1
)i
1 2 3 4 s 0/ A

FIG. 6. (Color online) One and two particle contribution to
S%(w,-2kp) [Eq. (58)] as a function of w for 6=0.3 and H
=0.2598/J. Delta-function peak (blue) has been broadened to make
it visible. Inset: the soliton-breather two particle contributions.
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PHYSICAL REVIEW B 79, 024402 (2009)

2 P35 00, ()] Dpals = A = Ay)
2z ~ ¢ A2 va* ) 2 sby LYsby k
5w > 0,- 2kp+q) = 5 (s - A?) + -~ g (N0, ) (K3, [ 03, (5)]} NG ERTE (58)

Here the minimal form factor F?;’"(G) is given by Eq. (B6),
the pole function K?b (0) by Eq. (B22) for k even and Eq.
(B23) for k odd, the functlon Hsbk(s) by Eq. (43), the overall
normalization is

a=a(t)\| 22, (59
2
The dynamical structure factor [Eq. (58)] is shown in Fig.
6. Here we chose g=0. The strong low-energy peak in
S%(w,—2kp) is due to a one-soliton state. Soliton-breather
continua appear at higher energies.

VI. SUMMARY AND CONCLUSIONS

In this work we have determined the low-energy dynami-
cal spin response of the anisotropic spin-1/2 Heisenberg
XXZ chain in the presence of both uniform and staggered
magnetic fields. The uniform field was taken to be along the
anisotropy axis and the staggered field perpendicular to it.
The qualitative features of the model such as a field induced
gap and the formation of bound states are similar to the case
of isotropic exchange, which has been previously studied in
detail >16-1820-2227.28 The main effect of a strong exchange
anisotropy is to generate further bound states and increase
the binding energy. We have analyzed these effects on the
dynamic response and determined for the first time all two-
particle contributions, in particular those containing one soli-
ton and one breather. The results obtained here can be used
to study a quasi-one-dimensional array of anisotropic
Heisenberg chains in a uniform magnetic field by combining
a mean-field approach with an RPA-like approximation.>3-3>
This is of interest in view of neutron scattering experiments
on the quasi-1D anisotropic Heisenberg magnet Cs,CoCl,.*?

2 ‘ ‘ ‘ ‘

1
H/J

FIG. 7. Spin velocity as a function of magnetic field for different
values of 6.
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APPENDIX A: SPIN VELOCITY, FERMI MOMENTUM,
AND COMPACTIFICATION RADIUS

In this appendix we summarize how to determine the pa-
rameters of the Gaussian model (3), Eq. (4) that describes the
continuum limit of the Heisenberg XXZ chain in a magnetic
field from the Bethe ansatz solution.?” The velocity, Fermi
momentum, and compactification radius are expressed in
terms of the solutions of the following set of linear integral
equations for the dressed energy £(\), dressed momentum
p(N), dressed density p(\), and dressed charge Z(\)

A d Jsin? y

j7
N) - —K(\ - =H-——,
s(\) _a 2w (= welu) cosh 2\ —cos y

N
pO\)=2—W f dup(p),
aop Jo

A

du 2 sin y
N)— —K(\ - = ,
PN a2m (A= wplw) 2 cosh 2\ — cos ]

A
Z00 - f LRz =1, (A1)
—A n

Here the exchange anisotropy is parametrized as d=cos(vy)
and the integral kernel is given by

K(\) =—2 sin 2y/(cosh 2\ — cos 2). (A2)

The integration boundary A is fixed by the condition

I
— 8=0
--8=0.5
/2 - 0=1.0 B
o
«
xLI.
/4 N ]
\.\
l
0 15 2

H/J

FIG. 8. “Fermi momentum” kr as a function of magnetic field
for different values of 6.
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e(xA)=0. (A3)

The physical meaning of the various quantities is as follows:
e(\) and p(\) are the energy and momentum of an elemen-
tary “spinon” excitation carrying spin $°= *+ % We note that
spinons can only be excited in pairs. The magnetization per
site in the ground state is given in terms of the ground state
root density p(\) as

A
(59 = % - f dhp(\). (A4)
A

The Fermi momentum is equal to

20 (4 m| 1
kp=p(A)= —f d\p(\) = —[— -
ag Jo agl 2

<s;>}, (AS)
where we have used that p(—\)=p(\). The spin velocity is
equal to the derivative of the spinon energy with respect to
the momentum at the Fermi points

_ o] o] A6
ap(N) [yea 27p(N) | 2a
Finally, the dressed charge is related to 8 by
1
B= \/§Z(A). (A7)

In order to determine v and B we solve Eq. (A1) numerically,
which is easily done to very high precision as the equations
are linear. The results are shown in Fig. 7-9.

For zero magnetic field we have kp=m/2qa, B°

1
= -arccos(-9), and

_ Jaysin 4B

0—2 T (AR)

PHYSICAL REVIEW B 79, 024402 (2009)

0.5 T
. — =0
N -- 8=05
e - 3=1.0
0.45- T -
<=8 s ~..
04 - . N .
e .
\\ N
AN \
N
AY \|
n T n 1 L “
0.385 0.5 1 15 2
H/J

FIG. 9. Parameter (3 as a function of magnetic field for different
values of 6.

APPENDIX B: FORM FACTORS OF THE EXPONENTIAL
FIELD O'

The exponential field ©,' [Eq. (19)] has topological
charge +1. Hence it has nonvanishing matrix elements be-
tween the ground state |O) and one-soliton states, two-
particle soliton-breather sb,, states, etc. In this appendix we
determine all one and two-particle form factors. Our results
hold generally for the sine-Gordon model in the attractive
regime.

1. One soliton form factors

The one-soliton form factor is>®

F;a(e) — \‘”Zl (a)eiqm/Zﬂeaﬁ/B’ (Bl)

where

2¢2) \16

vI'(&2)

Zi(a)= ( G )”4(@)“’8{ Vmha I3+ £)12] }2"2+1/8B2
@ -

“ dt
Xexp f(, 7t | 4 sinh(:&)sinh[#(£+ 1)]cosh(r) © 1 sinh(:8)

8’

-(1+91 _
cosh(4&at/B)e 1 1 <2a2 + L)e‘zz} } . (B2)

2. S matrices, their analytical properties and minimal form factors

The soliton-breather S matrix is given by’

5 J “ dr cosh(£&)sinh(nér)

Ssbn(B) = (_ 1)’1 CXP|: 0 t Cosh(t)sinh(fl) o

T

h @)}H

. wEn+1-2j) | mé
» sinh 0+Zf +icos| —

(B3)

J=l sinh{&— ZMJ —icos(w—g>
2 2
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The corresponding soliton-breather three-particle coupling is

12

n—1
nir L
g, =12 cot( —5)1_[ cotZ(—g) (B4)
n 2 =1 2
Note that by crossing symmetry we must have
8§bn=glsz§" (BS)

The minimal soliton-breather form factor can be obtained
combining Egs. (2.23), (4.19), and (4.20) of Ref. 51, which
can be summarized as

S(0) = exp{ f“’ dtf(t)sinh(ﬁ)} — Fin( g)
0 i

0
- 1—coshf#1+—
i
=exp

0 dif() 2 sinh(7)

The soliton-breather S matrix Eq. (B3) then gives rise to the
minimal form factor

Fi(0) =Ry, (O)exp f " dr cosh(&)sinh(nér)

(Jo 1 cosh(#)sinh(&r)

[ 0
1 —cosh 2t<1 + —)}
i

x sinh(21) ’ (B6)

where R, (6) is given by

RSbZn(H) = 17

Rsb2n+1(0) =i sinh(6/2). (B7)

J—
iCz\”Zl(a) .
F'6,,6,,65) = ———
”5(1 2 3) 4, e

PHYSICAL REVIEW B 79, 024402 (2009)

FIG. 10. (Color online) Integration contours C, [panel (a)] and
C_ [panel (b)]. Both the contours are located in the strip —m/2—0
< j 00 < ’77/ 2 + 0.

3. Soliton-breather form factors

We will calculate the full form factor using the residue
condition,6-58

, . iy iu?}
igFyp (0, 60,) = Res soF 5\ 6,6, - SRR

(B8)

where u;’ =m(1-né), and

n-1
2 cot(’%-g) H cot2<@>

=1 2

1/2
b b
a=(1"gz=

(B9)

The three particle form factor involving two solitons and one
antisoliton is>®

qu/ZBe(a/,B)(91+02+03)+03/§G( 012)G( 013)G( 023)

o0 do, o de,
X lem/z,g f —2e~CaBVO%W (9, )W (6y0) W(Bg) — e f 2_7:_)6_(2&/[3 VO%W(,0) W(0r0) W(6p3) | »
c c

2

where 6= 60,— 6,

G(0)=iC, sinh(g)exp —J d
2 0

(B10)

. . sinh[(1 - f)l]sinh2|:t<1 - 19)]
4 T

sinh(2¢)cosh(#)sinh(&r) ’ (B11)
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-2
W)= cosh(6)
» 5 f"’ di sinh[#(¢ = 1)]sinh*[#(1 - i6/m)]
i ) A sinh(27)sinh(z&) .

(B12)

~ " dt sinh?(#/2)sinh[#(¢ - 1)]
Ci= exp{— J;) t sinh(2¢)sinh(z€)cosh(r) } .+ (B13)

* dt sinh*(1/2)sinh[#(¢ - 1)]
G =exp {40 ¢ sinh(20)sinh(zd) } (B14)

The integration contours C, and C_ are constructed as
follows. The contour C, runs from — to % in the complex
0y plane, passing above the poles at 6,+iw/2, p=1,2,3.
Similarly, the contour C_ runs above the points 0p+i77/2, p
=1,2, and then below 6;—i7/2 (see Fig. 10).

Let us con51der the form factor Eq (B10) for rapidities

0,=0,, 0,=0,—", and 0,=0,+ 5+=". The function W(6)
has poles in the strip [Im 6| <7 of the complex 6-plane at the

points #=iv;, where

1 1
uk=w<k§—5), 0=k< [E}

As a result the function W(8,,)W(6,,)W(6y3) has poles at
0= 0, —im(ké— 2) 0= 0+ Z5(n—2k), and 6y=6,+6—Z(n
-2k), 0=k<5 + By construction the contour C_ runs be-
tween n+1 palrs of poles at 6= 0b+i(n 2k), and 6,=6,
+o+T¢ 5-(n—2k), 0=k=n, with only an infinitesimal separa-
tion 5 between them (see Fig. 11). As a result the integral
over 6, exhibits a simple pole for 6— 0. In order to extract
the residue of this pole, we deform the “singular” contour C_
into a “regular” contour C plus closed contours including one
pole from each pair. C is chosen such that the integral over it
is finite in the limit §— 0. The contours C and C_ are shown
for n=1 in Fig. 11.
For general n we then find that

dae,

f 2_06—(2a/,8 DWW (0,0) W(0) W( o)
T

o

n .
=3 e—(2a/ﬁ+1/§)(0b+iw§(n—2k)/2)w< 6, - mrf(nz— 2k)>
k=0

X W,es(iv) W(= 8+ iv,_;) + regular part, (B15)

where W, (iv,) denotes the residue of the function W(6)
taken at the point 6=iv,. We note that W(-J6+iv,_;) has a
simple pole at 6=0.

The regular part of the integral does not contribute to the
residue in the right hand side of Eq. (B8) and in the follow-
ing will be ignored. Similarly, the integral over C, has a
finite limit 6— 0.

In order to proceed we need to analytically continue the
function W(6), which can be done using the relation®!

PHYSICAL REVIEW B 79, 024402 (2009)

)

W(0 = imé) = —— '
P R
sm{z(ﬂ_ iTé =+ 2)

w(6). (B16)

Using Eq. (B16) the residues of W(6) are readily calculated

k-1 kL .
Wres(ivk) = %H C0t<‘]2L§>, k=1,
\/C_z sin(%g) J=1

2
Wees(ivg) = — —=. (B17)
RN

The soliton-breather form factors can now be determined
from the residue condition (BS8)

iC\Z,(a)
4C,

i i
X G Hsb + — G Hsb - “
2 2

n
< E (_ 1)n—ke—imz§(n—2k)/,8WreS(l~vk)
k=0

ig?;"F;Zn(ﬂs, 6,) =— eiwa/2B+aaj/BG(_ mzi)

méln— 2k))

X Wres(lv k) W( 2

(B18)

The soliton-breather form factor can be expressed in
terms of the minimal form factor [Eq. (B6)] as

Fyj (6,0 = N3, NZy (@) ™0, (6,)F7(6,).
(B19)
Here N¢, is a normalization constant given by

iwnfa/ﬁ

W = (B20)

lgyb Res&—zuibn[Kab (6)]me Abn) ,

where

FIG. 11. (Color online) Integration contour C_ for ¢
=0.174 371 and n=1. The contour C_ is transformed into the con-
tour C and the closed contours around the poles.
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uh= g(k§+ ). (B21)

The “pole functions” K7, (6) have somewhat different forms
for even and odd n, respectively, and are given by
m—1

1 1
cosh 0,1} (9 iuj"ﬂ) (9 iuj”ﬂ)
Ccos

h{ -+
2

K%, (6)=

m

X [Wres(ivm)]2 - 2 Wres(ivm—k) Wres(ivm+k)
k=1
X[e 2By () + X ™EPY (- 0)] [, (B22)

K5, (0)

$ho e

3
L

1 1

- . 0\ = 0 iuibﬂ“ 0 iuibz”l
sinh| — cosh{ -+ — cosh| —— —
2 2 2 2 2

m

X 2 Wres(ivm—k) Wres(ivm+k+ 1 ) [e_md(ZkH)g/B\PZkH ( 0)
k=0

+ eiﬂ-a(2k+1)§/3q,2k+l (_ 0)] ,

(B23)

where

sm(E_Z) . (io W
(o)
2

(19 usb2k> e cot
sin| —+ —=— |’
2 2
1 = (ig whu
I cotl =+ .
2

(i M§b2k+1 pirs 2
sin| —+ —

2 2

Wy (6) =

W1 (0) =

(B25)

APPENDIX C: FORM FACTORS OF explia®]

The operator exp[ia®] carries zero topological charge.
Hence the nonvanishing form factors with less than three
particles involve a single breather, a soliton-antisoliton pair,
or two breathers. In this appendix we construct these one and
two particle form factors.

1. S matrices and minimal form factors

The breather-breather S matrix is>’

PHYSICAL REVIEW B 79, 024402 (2009)

) (2m>
. sinh| —
dt imT

Spp(O)=exp|d| ——————=
bkbl() xP o t cosh(r)sinh(&r)

X cosh(&r)sinh(két)cosh[ (1 - 18)t]|, k<,
(C1)

_ (2&)
- sinh| —
dt i

Sy () ==exp|2| ——————
bkbk( ) xP o t cosh(r)sinh(¢r)

X {cosh(&)sinh[ (2k&— 1)¢] + sinh[ (1 — &)¢]}] .

(C2)

Evaluating the integrals gives

O iu 0 iu
Sy (6) = tanh( mHk)coth( ik
Lot} 2 2

0+ iut? 60— iut?
X tanh( —M)coth( —Lk
2 2

k-1 . bb
<TI0 tanhz(%)
2

J=1

O— i
X coth2<—llzl_k+2 )} (C3)

where now k=1, and

ubt = —=. (C4)

The simple pole in Sbkbl(ﬁ) at 0= iuilj, corresponds to the

formation of a b;,,; breather bound state. The corresponding
residue is

Sres(i”zfl) =2 tan( (k+—l)77§> tan< llg) cot( k—ﬂ-g>

2 2 2
k-1 -, I+k—1 -,
T T
X Hcot2<]—> 11 tanz(]—). (C5)
=1 2 /i 2

The corresponding three-particle coupling is

12

g;’]igiz 2cot<%ﬁ)tan(¥)tan((k+2—l)ﬁ)
k=1 . .
x |1 cot(JE)tan(M) ‘ ) (Co6)
=1 2 2

The minimal form factor for two different breathers is then
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“ dt cosh(&r)cosh[(1 - 1§)t]

Fgf;/(&) =exp| - 2[

0o ! cosh(?)
h{Z (1 ﬁ)} 1
« sinh(ké&t) coshy =i\ 1= w) | )
sinh(é&r) sinh(21)

The minimal form factor F min (0) involving two breathers

of the same type is given by
17
, wdtsinhz{z<1—l—>]
. T
F2 () =i si h(—) —ZJ R —
() =Tsinh( 5 Jexp| =2 | T o0

« cosh(&)sinh[ (2k& - 1)¢] + sinh[ (1 — &)1]
cosh(#)sinh(é&r)

(C8)

2. Soliton-antisoliton and one-breather form factors
The soliton-antisoliton form factors for the operators

cos(80), sin(B0O), and O,

O=—ilim 9,6, (C9)

a—0

are

. 6
8i cosh| —
mé 2
otff = | ——F———
2 £5i h(ﬁ—m’)
sin
&

F2)(g) = 290,
1

((9— iﬂ')
X cosh , (C10)
2§
8 cosh(g>
Fi?l(ﬁe))(e) — %@C0t<ﬁ>—2
2 ¢ 2 _ ( 60— 177)
& sinh
£
% sinh( o~ m)’ (C11)
2§
o) = 99 u N(SE)
‘ 1 0—im 0
B cosh( )cosh(—)
2¢ 2

where G(6) and C; are given by Egs. (B11) and (B13), re-
spectively, and
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1 ) 2q*
2-2p

G,= <eia®> = ( /32 )
v2ll >
2-2p8
Xexp{f a {— 2a%e™
0 t
sinh?(2aB1)

" 2 sinh(¢8*)sinh(r)cosh(z(1

aoA \’/7_71-‘(

) e

The single-particle form factors F) 5 and FO b, for the operators
€9 and O, respectively, can be obtained from the residue
condition for the soliton-antisoliton form factor Fﬁ(@) and

Fe(o),
gS?Fa Resﬂ— lu”Fa‘(a) u;f = 77(1 - l’lg),

where a=, 0. Using Egs. (C10)—(C12), we can write

2 cot( §> sin(nmé) (- i)"
FB

by~ 7298
{2 cot(%gnﬁ_[?: Cot2<%§> J

“ dr sinh[#(£ - 1)]sinh*(iné)
Xexplf() t sinh(27)cosh(z)sinh(zé) :| » (€14
o . o Glinlem-1)¢-1]) mt
Fme—l =i-1) bam-10 ) \‘(Zm - l)wa .
5 Bsin| —————
2
(C15)

3. Breather-breather form factors of exp(ia®)

To calculate two-breather form factor szbl( 6),), we will

start with the formulas for n-breather (n=k+1[) form factor
Fﬁl(y) from Ref. 60,

g,
Ky 11 Ry,

Fo ()= s (C16)
- 1=i<j=n
NEE ()
R(y) = , (C17)
1 1
sinh{g(y— iﬂ'f)}sinh[i('y+ i7T§):|
1 1
Kiy)=2 - E — D)l Hapi (D)
=0 1,20
i sin(7ré)
8 lﬁgﬁn {1 +i- lj) Sinh(%'j) } -y
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2 n2 "
—) [T etimcar= 1%
R(-im)sin(mé) ) i

Ya)s 1=(y, ..., 1,), and Yi=Yi— V)
Neo exp{ Zf dt sinh(&r)sinh[ (1 - )] } .
0

(D)= ( (C19)

where y=(y, ...

t  cosh(z)sinh(2¢)

The normalization factor Qa/Z’” 2 is introduce in Ref. 59.
Form factor F), , (6, 6,) can be calculated as follows:
(1) First step, we calculate the residues of the form factor
at the pOIHt Yn-1 ’)/n__”Tg (yn 1= yn 1 %g’ Yn= yn 1+5l
—§) As a result, we obtain the form factor for n—2 breath-
ers b; and one breather b,.
(2) Second step, we calculate the residue of the
k+1-1- partlcle form factor obtained at the point ¥, ,—7¥,_,
ﬂ (Va2 =Yoo —IiTé, V)= Vs r+ 62+ ) As a result, we
obtam the form factor for n—3 breathers b; and one breather
bs.
(3) Step number /-1, we calculate the residue of the k
+2 partlcle form factor obtained at the point ¥, — ¥,
i(l= l wé
(7k+1 =Yie1— s Vw2 = Yie1 + O 1+_2§) As a result,
we obtaln the form factor for k breathers b, and one breather
b,.
(4) Finally, taking y,,,=
-1

Yirm = 02 + E 5] -

Jj=l-m+1

6,, we can write

i(l=2m+ 1)mé

5 , (C20)

m=1,2,...,1, and §; are infinitesimal parameters.
Slmllar calculatlons performed with the variables y;, j
=1,2,...,k, give
o i(k—2m + 1)
i(k—2m T
Yu=b+ 2 -————,  (C21)
Jj=k—m+1 2
m=1,2,...,k, and €; are infinitesimal parameters.

It should be noted that the order of calculation of residues
predicts the rules

|61 < [8] < -

e <& < -+ <|ey| <6y, (C22)
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The n-particle (n=k+1) form factor [Eq. (C16)] depends

on y-v, 1=i=j=n. Taking into account Egs.
(C20)—(C22), we can write
- g —i(j-i)m§ if (i,j) € A,
—51_]—1(]—l)7T§ lf (l,]) EA2

Yii= I—k (C23)
612_1(7 +] m) if (l,j) €A3,
where the manifolds A, , ; are constructed as following:

Al:lil.sjsk,
Ayk+l=i=j=n,

Azl=i=kk+1=j=n.

Then we obtain the following expression for the two-particle
form factor,

Fy(00) = N3, Ko, (0)FSR(01),  (C24)

where the minimal form factor F’ 1‘2‘;‘1(012) is given by Eq. (C7)
for k<1, and Eq. (C8) for k=1,

K5, (0)=Ki(y)
1+k/2

x 11 1 1 '
v=(1=k/2)+1 sinh{ 5(0 - mgv)J sinh{ 5(0 + iW%V)J

(C25)

1

The normalization constant N, b,b, Can be calculated as

; gk+l F

iy

Kr;k;lF,,mklgl( g(k + z))

o- ﬂ(k l))},

the one-particle form factor F), is given by Eq. (C14).
In particular, the pole function for the few lowest breath-
ers are

Nzkbl =

res _ a
Ky b, = Res&:0|:Kbkb (

(@’

Kp, (0)=

171

(a)

sinh{%(&— iﬂ'§)J sinh{%(éw iwg)J

bl

1

3 TR (af+ N VT
mg)Jsmh{—<0+—m§)J 8 cos(w—‘f)cosh{ <0+£§)Jcosh{—(6—@”
2 2 2 2 2 2 2 2
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1

k=1 sinhB(a—ikwg)JsinhB(onkwg)

J(a)2 (a)* +

PHYSICAL REVIEW B 79, 024402 (2009)

1

2 cosh{%(0+ iwf)Jcosh{%(ﬂ— iﬂf)J

i

where

(@)? 1
byby(0) = (a)*+
sinh{i(ﬁ— 2i7-r§)J sinh{%(a_,_ zmg)J 4 cos(mé)[1 + cos(mé)]
1 +2 cos(mé)
+

8 cos('n'f)cosh{%(9+ i'nf)Jcosh{%(ﬁ— i7T§)J

4. Breather-breather form factors of @

Equation (C9) allows us to express the operator ® in
terms of exponential operator ¢©. Therefore the form fac-
tors F Zb,(ﬁ) are expressed in terms of the form factors of the
exponential fields. Taking into account that the pole function
szbz( 6) Eq. (C25) goes to zero as a> when k+1 is even and
linearly with a when k+/ is odd, we can conclude that only
form factors F,(?kb[(ﬂ) with k+/ being odd are nontrivial.
These form factors are written as

(0] () 0 min
Fpp(6) = kablK?kb,(a)Fbkbl(a)’ (C26)
where the pole function Kg)k bz( 0) is given by,

Ky (0)=—i lim 9,KG,,(6),
a—
the normalization factor Ng)k b, is determined as

NP

=lim N
b bby
k1 a—0 k1

and the minimal form factor is defined by Eq. (C7).
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